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A PROBABILISTIC PROOF OF THE MULTINOMIAL THEOREM
KULDEEP KUMAR KATARIA
Abstract. In this note, we give an alternate proof of the multinomial theorem using
a probabilistic approach. Although the multinomial theorem is basically a combinatorial
result, our proof may be simpler for a student familiar with only basic probability concepts.
1. Introduction
The multinomial theorem is an important result with many applications in mathematical
statistics and computing. It expands (x1+x2+ . . .+xm)
n, for integer n ≥ 0, into the sum of
the products of integer powers of real numbers x1, x2, . . . , xm. The prevalent proofs of the
multinomial theorem are either based on the principle of mathematical induction (see [2,
pp. 78-80]) or on counting arguments (see [1, p. 33]). The proof by induction make use of
the binomial theorem and is a bit complicated. Rosalsky [4] provided a probabilistic proof
of the binomial theorem using the binomial distribution. Indeed, we use the multinomial
distribution (see [3, 197-198]) to prove the multinomial theorem. For students familiar with
basic probability theory, our proof may be simpler than the existing proofs by mathematical
induction and principles of combinatorics. Also, this proof avoids the use of the binomial
theorem. The multinomial distribution is modeled as follows.
Consider an experiment consisting of n independent trials. The outcome of each trial results
in the occurrence of one of the m mutually exclusive and exhaustive events E1, E2, . . . , Em.
For each i = 1, 2, . . . , m, let pi be the constant probability of the occurrence of the event
Ei and Xi be the random variable that denotes the number of times event Ei has occurred.
Then, the joint probability mass function of the random variables X1, X2, . . . , Xm is
P {X1 = k1, X2 = k2, . . . , Xm = km} = n!
m∏
j=1
p
kj
j
kj!
, (1.1)
where
∑m
i=1 ki = n. Also, since (1.1) is a valid statistical distribution, we have
1 =
∑
∑m
i=1 ki=n
n!
m∏
j=1
p
kj
j
kj !
. (1.2)
Next, we state and prove the multinomial theorem.
2. A probabilistic proof of the multinomial theorem
Theorem 2.1 (Multinomial). Let n be any non negative integer and x1, x2, . . . , xm be real
numbers. Then
(x1 + x2 + . . .+ xm)
n =
∑
∑m
i=1 ki=n
n!
k1!k2! . . . km!
xk1
1
xk2
2
. . . xkmm ,
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where ki’s are non negative integers and 0
0 is interpreted as unity.
Proof. Let us consider
(x1 + x2 + . . .+ xm)
n = (x1 + x2 + . . .+ xm) . . . (x1 + x2 + . . .+ xm)︸ ︷︷ ︸
n times
.
By using the distributive property in the right hand side of the above equation, it follows
for all real numbers xi’s that
(x1 + x2 + . . .+ xm)
n =
∑
∑m
i=1 ki=n
C(n, k1, k2, . . . , km)x
k1
1
xk2
2
. . . xkmm , (2.1)
where C(n, k1, k2, . . . km) are positive integers and ki’s are non negative integers satisfying∑m
i=1 ki = n. We just need to show that
C(n, k1, k2, . . . , km) =
n!
k1!k2! . . . km!
. (2.2)
Assume xi > 0 for all i = 1, 2, . . . , m and define
pi =
xi
x1 + x2 + . . .+ xm
. (2.3)
Clearly, 0 < pi < 1 and
∑m
i=1 pi = 1. On substituting (2.3) in (1.2), we obtain for positive
reals
(x1 + x2 + . . .+ xm)
n =
∑
∑m
i=1 ki=n
n!
k1!k2! . . . km!
xk1
1
xk2
2
. . . xkmm . (2.4)
Finally, subtracting (2.4) from (2.1),∑
∑m
i=1 ki=n
(
C(n, k1, k2, . . . , km)−
n!
k1!k2! . . . km!
)
xk1
1
xk2
2
. . . xkmm = 0, xi > 0. (2.5)
Since (2.5) is a zero polynomial in m variables, (2.2) follows and the proof is complete. 
References
[1] C. Berge, Principles of Combinatorics. Mathematics in Science and Engineering, Vol. 72, Edited by
R. Bellman, Academic Press, New York, 1971.
[2] A. W. Goodman, Algebra from A to Z. Vol. 3, World Scientific Publishing, River Edge, NJ, 2001.
[3] V. K. Rohatgi, A. K. Md. Ehsanes Saleh, An Introduction to Probability and Statistics. Second edition.
Wiley Series in Probability and Statistics: Texts and References Section, Wiley-Interscience, New
York, 2001.
[4] A. Rosalsky, A simple and probabilistic proof of the binomial theorem, Amer. Statist. 61 no. 2 (2007)
161–162.
Kuldeep Kumar Kataria, Department of Mathematics, Indian Institute of Technology
Bombay, Powai, Mumbai 400076, INDIA.
E-mail address : kulkat@math.iitb.ac.in
2
